Abstract. We construct a connected topological abelian group G whose topology is generated by a complete invariant metric d, which is economical in the sense that |d(A × A)| ≤ dens(A) for every infinite subspace A ⊂ G. This is another example of a nonseparably connected complete metric space because its separable subsets are zero-dimensional. (This is an early draft and some of the proofs are missing.)
A topological space is separably connected iff any two of its points are contained in a separable connected subset. A separablewise component is the union of all separable connected subsets containing a given point. Since the closure of a separable connected set is again separable and connected, it follows that separablewise components are closed. A connected space whose all connected separable subsets are singletons will be called nonseparably connected.
The first example of a nonseparably connected metric space was given by Pol in 1975, [1] . Another example was given by Simon in 2001, [2] . In 2003, Aron and Maestre constructed a connected, not separably connected metric space that contains many arcs, [3] . In 2008, Morayne and Wójcik obtained a nonseparably connected metric space as a graph of a function from the real line satisfying Cauchy's equation and thus forming a topological group, [4] or [5] . None of these spaces are completely metrizable.
In [6] , we constructed a nonseparably connected complete metric space and in this paper we develop that construction further to obtain a nonseparably connected complete metric group. In fact, our space satisfies a stronger property. Namely, the metric is economical in the following sense.
Economically metrizable spaces. Given a metric space (X, d), we say that the metric d is economical iff |d(A × A)| ≤ dens(A) for any infinite subset A ⊂ X, where
Proposition 1. Every separable subset of an economically metrizable space is zerodimensional.
Proposition 2. Every connected economically metrizable space is nonseparably connected.
Proposition 3. The Cantor set is economically metrizable.
Proof. Let N = {1, 2, 3, . . .}. Consider the following metric d on the space P (N) of all subsets of N,
Now, the economically metrizable space (P (N), d) is homeomorphic to the ternary Cantor set with the euclidean metric, which is not economical.
Proposition 4. Every metrizable space containing a copy of the Cantor set admits a metric that is not economical.
Proof. Recall that given a metrizable space X and a closed subset M ⊂ X, every admissable metric on M can be extended to an admissable metric on X, Engelking 4.5.21(c). So if X contains a copy of the Cantor set, M ⊂ X, we may choose a metric for M that is not economical and extend it to the whole X.
In this paper we shall construct an abelian groupG possesing a complete invariant metricρ turningG into a connected economical complete metric space. We define a metric space (X, d) to be economical if for every infinite subspace A ⊂ X the cardinality of the set d(A×A) = {d(x, y) : x, y ∈ A} does not exceed the density dens(A) of A. A typical example of an economical metric is an ultra-metric. Each economical metric space X of density dens(X) < c is zero-dimensional. Yet, in [6] the authors have constructed a connected complete economical metric space X of density dens(X) = |X| = c and asked if thare is a complete metric group with the same properties.
Theorem 5.
There is an economical connected complete metric abelian groupG of cardinality |G| = c.
The definition of the groupG and an economical complete invariant metricρ on G is relatively easy but the verification of their properties is rather long, unfortunately.
First, we take the economical connected complete metric space (X, d) constructed in [6] and consider any abelian group H that contains X as a linearly independent subset. The latter means that for any pairwise distinct points x 1 , . . . , x k ∈ X and any integer numbers n 1 , . . . , n k ∈ Z the equality k i=1 n i x i = 0 implies n i x i = 0 for all i ≤ k. For such a group H we can take the free abelian group generated by X. Another choice is the Boolean group of all finite subsets of X endowed with the operation of symmetric difference.
Let G be the subgroup of H generated by the subset X − X = {x − y : x, y ∈ X}. Each element g ∈ G can be written as a finite sum g = k n=1 (x n − y n ) where
Now for every a real number α ∈ (0, 1) consider the real-valued function · α : G → R defined by
Lemma 6. For every positive α < 1/2 the function
is an invariant metric on G such that
Proof. To be written.
Take any strictly increasing sequence {α n } ∞ n=1 ⊂ (0, 1/2) and define an invariant metric ρ on G letting
The completion (G,ρ) of the metric space (G, ρ) has the structure of an abelian group. It remains to show that this group is connected and economical.
Lemma 7. The metric space (G,ρ) is connected.
Proof.
Lemma 8. The metric space (G,ρ) is economical.
Proof. Take any infinite subspaceÃ ⊂G of density dens(Ã) < c. It is easy to find a closed subspace A ⊂ X of density dens(A) ≤ dens(Ã) such thatÃ lies in the closure of the subgroup of G generated by the set A − A. Since the metric d is economical, the set D = d(A × A) has cardinality |D| ≤ dens(A) ≤ dens(Ã). It is clear that the setD = {2 −m min{1, n 2α k x α k } : k, n, m ∈ N, x ∈ D}
